Accurate description of the effects of temperature, illumination, and nutrient concentration on phytoplankton growth is an important goal of algal physiology and a necessary element of a theory of growth in lakes and seas. The subject of this paper is an improved description of the effect of varying illumination on the properties of algae undergoing steady state growth, at constant temperature in the presence of saturating concentrations of CO, and other nutrients. Such growth may be termed "nutrient saturated." Practical criteria of nutrient saturation are concentrations in culture at least lOOfold larger than the half-saturating concentrations (K,) for growth; commonly used culture media containing 300 PM CO, (corresponding to 0.5% CO, in air) and 500 PM nitrogen and phosphorus meet or exceed this standard.
Various aspects of nutrient-saturated growth of a number of species have been reported (e.g. Eppley and Dyer 1965; Jitts et al. 1964; Smayda 1969; Thomas 1966; Eppley and Sloan 1966; Eppley and Coatsworth 1966) . The most comprehensive characterization of a single species is contained in the studies of Phillips (1953) , Phillips and Myers (195444 and Myers and Graham (1971) .
Their work, carried out with Chlorella pyrenoidosa grown in a turbidostat, included measurement of the light curve of growth, and, for samples grown at different rates under different irradiances, determinations of chlorophyll content, dark respiration, and the light curve of instantaneous gross photosynthesis.
Cell number, size, density, and dry weight were also determined.
The value of these data is enhanced by careful descriptions of optical geometry and of spectral and total irradiance; as a result the irradiances on cells in culture and in photosynthesis measurements can be calculated rather accurately.
In a previous theory of nutrient-saturated growth in mixed layers (Bannister 1974b) , my description of basic algal properties consisted of certain constants (e.g. the quantum yield of photosynthesis +,,, and the algal extinction coefficient k,), values of which were roughly estimated; the equation of Smith (1936) for the light curve of photosynthesis;
and graphical functions, derived from the data of Myers and Graham (1971) , representing the growth rate dependences of the three adaptive parameters (respiratory rate 76 constant R,, the ratio 8 of carbon to Chl a, and the light saturation parameter Ip of the photosynthesis light curve). I took no account of the experimental light curve of growth of Phillips and Myers (1954a,b) . Although correct in general approach, the previous description has defects. One is that the specific adaptive functions established for C. pyrenoidosa cannot be generally applicable; for this species grown at a different temperature, and for other species characterized by different values of the light-saturated growth rate h, different adaptive functions must apply. Another defect is that the light curve of growth which can be derived from the previous description agrees poorly with the experimental curve of Phillips and Myers.
These defects are eliminated in the improved description presented here. As will be seen, the new model of nutrientsaturated growth incorporates the results of Phillips and Myers and is based on a much more thorough analysis of the data of Myers and Graham concerning irradiance and shape of the photosynthesis light curve. In addition, the algal extinction coefficient, the carbon content of algae, and the C02:02 stoichiometry of photosynthesis and respiration have been carefully considered. Although the analysis is complicated and some discrepancies remain, the new model is a marked improvement.
Four simple equations together with values of eight constant parameters provide a complete, self-consistent, reasonably accurate description of nutrient-saturated growth of C. pyrenoidosa. With modification of values of a few (almost certainly not all) of the constant parameters, the same model will probably apply to other species and temperatures.
I thank M. R. Droop and T. Platt for helpful criticism and especially thank E. Laws whose thorough review helped eliminate an important error,
Basic equations
Light curve of photosynthesis-For algal cells present in an optically thin suspension (so that every cell perceives the Fin. 1. Effect of value of parameter m on shape of light curve of photosynthesis (Eq. 1). For all curves, VP), = 1 and I, = 1. For m = 1, 2, ~0, curves correspond to light curve equations of Baly (1935) , Smith (1936), and Blackman (1905). incident illumination), the instantaneous rate v (g C. mg-l Chl a * d-l) of gross photosynthesis is a saturable function of the irradiance. Provided that photoinhibition at high irradiance is absent, experimental functions can be described empirically bY v = v,Il(I," + Pp, (1) where I (einst. rnm2* d-l) is the instantaneous quantum irradiance (360-700 nm) incident on the suspension. This equation includes three parameters (v~, I,, m) , the meaning of which is illustrated in Fig. 1 . vm is the rate at light saturation. I, is the "light saturation parameter." m is a "shape parameter" that describes the abruptness of the transition from the low light region (where v and I are proportional) to the high light region (where v 3 h?l>.
Three special cases of Eq. 1 have been used previously to describe experimental light curves. Equation 1 reduces to the equation of Baly (1935) for m = 1, to the equation of Smith (1936) for m = 2, and to the equation of Blackman (1905) for m = 00. Re-examination of published light curves (Rabinowitch 1951; Steemann Nielsen 1962; Steemann Nielsen and Jgrgensen 1968; Jgrgensen 1964; Myers and Graham 1963, 1971) shows that most require that m is at least 2.0 and often closer to 3.0. Jassby and Platt (1976) and Platt and Jassby (1976) and Graham (1971) .
I showed (Bannister 1974 ) that the parameter vm can be expressed as a function of the quantum yield & (mol C * einst-l abs) in low light:
(2) where k, (m2*mgM1 Chl a) is the mean spectral extinction coefficient of the alga. This relation holds for all values of m; thus Eq. 1 can be rewritten v = 12~m1,k,I/(I,m + 1m)1'm.
(3) Empirical equation of the light curve of growth-The dependence of steady state growth rate ps (d-l) on the irradiance incident upon a dilute algal suspension has been investigated in exponentially growing batch cultures (e.g. Eppley and Sloan 1966; Paasche 1967 Paasche ,1968 Foy et al. 1976; Smayda 1969; Beardall and Morris 1976) and in turbidostatic continuous culture (Phillips 1953; Phillips and Myers 1954a,b) . In these studies, nutrient concentrations were high and, presumably, growth was nutrient saturated. In general, experimental light curves of growth saturate at high irradiance in a manner similar to light curves of photosynthesis and can be described by an analogous equation:
h (d-l) is the light-saturated growth rate; its value depends on species and temperature. R,' (d-l) is the limit value at I = 0 of the first-order rate constant R, (d-l) of algal respiration.
I, (einst. mU2-d-l) is the "light saturation parameter of growth." n is the "shape parameter" describing the abruptness of the transition to light-saturated growth, Although n and I, are analogous to m and I, of the photosynthesis light curve, as will become apparent, n Z m, and I, (a constant) does not in general equal I, (which is adaptive).
Equation 4 describes a specific light curve of growth in terms of the four parameters b, RP', n, and I,. The same specific light curve can also be described in terms of the slope (a~~/aI), (m2*einst-l) in the low light region, rather than in terms of I,. Since hs=Wo = bm + WM,, Eq. 5 can be rewritten
For a given species, the slope (a&aI), at low irradiance is probably relatively insensitive to temperature.
In contrast, h is strongly temperature-dependent (Eppley 1972; Goldman and Carpenter 1974) , as will also be I, according to Eq. 5. Equation 6 is preferred because only one parameter, h, is strongly affected by temperature.
Derived equation of the light curve of growth-In steady state growth, as in exponentially growing batch culture and in the turbidostatic cultures of Phillips and Myers (1954u,b) and Myers and Graham (I97I) , and provided that the irradiance is continuous and constant, the net rate of incorporation of carbon is equal to the gross photosynthetic rate less the rate of loss by respiration; it follows that ps = We> -R,,
where 8 (g C. mg-l Chl a) is the weight ratio of carbon to Chl a in algae. Provided that the culture is optically thin, the gross photosynthetic rate v is related to incident irradiance I by Eq. 3. Elimination of v from Eq. 3 and 7 yields a "derived equation of the light curve of growth":
In this equation, the algal parameters 8, I,, and R, are adaptive, and, as was shown previously (Bannister 1974b ), each appears to be a well-defined function of the growth rate cc,. A central problem in developing a satisfactory quantitative theory of nutrient-saturated algal growth is to demonstrate that, after substituting experimental values of the fixed parameters (+m, k,, and m) and experimental functions e(p8), IP(&, and RP(pJ of the adaptive parameters, the derived equation of the light curve of growth (Eq. 8) becomes exactly equivalent to the empirical equation of growth (Eq. 6).
Speci$c absorbed irradiance-In the above equations relating photosynthesis and growth rates to incident irradiance, values of the parameters Ig and I, depend on the spectral distribution of the irradiance.
This dependence has two sources: the wavelength dependence of k CT which is always present, and the wavelength dependence of the quantum yield +m which is sometimes found in particular spectral regions.
The dependence of I, and Is on k, reflects changing rates of absorption of incident irradiance. For k, small (e.g. with a green alga under 550-nm light), a comparatively high incident irradiance is required to attain specific rates of photosynthesis and growth; in this case values of IP and I, are large. Conversely, for k, large (e.g. under 675-nm light), the same rates of photosynthesis and growth are attained with lower incident irradiances, and values of I, and Ig are small. The need to consider the spectral dependences of I0 and IP, arising from variation of k,, can be avoided by recasting the equations in terms of absorbed irradiance. Rates of photosynthesis and growth are determined by the rate at which visible light quanta are absorbed by a unit of algal biomass. Since algal biomass is commonly expressed as Chl a, it is convenient to define a specific absorbed quantum irradiance 5, with units of ein- Phillips (1953) , Phillips and Myers (1954a,b) , and Myers and Graham (1971) . (9 The specific absorbed irradiance is then 5 = IaJCd = kJ.
(10) By this equation, the specific absorbed quantum irradiance 8 can be calculated from the incident quantum irradiance I, provided the value of k, is known. Similarly, the light curve parameters IP and IB can be expressed in terms of specific absorbed irradiances & and &, the values of which will be unaffected by the spectral variation of k,. With Eq. 10, the light curve equations relating photosynthesis and growth to incident quantum irradiance can be converted to corresponding functions of specific absorbed irradiance (Eq. 11, 12: Table 1 ).
In particular regions of the visible, the location depending on species, the quantum yield & may vary with wavelength as a result of absorption by photosyn-thetically inactive pigments (Emerson and Lewis 1942, 1943; Haxo and Blinks 1950; Tanada 1951; Haxo 1960) (Bannister 1974b) , that the respiratory rate constant R, is an approximately linear function of the growth rate. As the irradiance on a culture declines, steady state growth rate and R, both fall. In the limit of zero irradiance, /Jo = -R,, and R, reaches a minimum value defined as R,'. From Eq. 13a, the value of R,' is given by Eq. 13b. Equation 14 states that, although both & and 8 are each strongly dependent on PH, the ratio t-,/e is constant for all values of p*. That this relation is approximately true has been noted (Steele 1962; Bannister 1974) .
In writing Eq. 11-14, no information about the shape of the adaptive parameter functions e(pJ and &&) has been introduced. However, since there are five variables (5, PH, 8, &, and R, ) In one respect the test was highly successful. As will be shown, the four equations with a single set of values of the eight parameters provide an accurate quantitative description of all the experimental functions of Myers and Graham: the light curves of -photosynthesis and the growth rate dependences of respiration, chlorophyll content, and the light saturation parameter &,. The light curve of growth of Phillips and Myers is also described accurately, except for the light-saturated growth rate pm, about which the two sets of experimental data are inconsistent.
As will be seen, the test was less successful in another respect.
General fitting procedure
In the equations of the theory, irradiance is expressed as specific absorbed irradiance, and rates of photosynthesis and respiration are expressed as carbon incorporated or evolved per unit of biomass, the latter expressed as carbon or Chl a. Had Phillips and Myers and Myers and Graham expressed their results in these units (which they did not), their data would have directly characterized the respiratory function R&), the light curve of growth ~~(0, light curves of photosynthesis v(t) for several growth rates, and the C:Chl a ratio e(cL,). Some important aspects of the testing of the theory and the fitting of parameter values are most easily grasped by imagining that experimental data for these functions were available. These aspects are concerned with the order in which functions are fitted, deduction of the function &,(&, verification of the form of functions and the constancy of the parameters m, cb m, and K, and recognition and application of an important constraint condition. The procedure adopted consisted of six steps.
Step I-Verify that R&J is linear. By graphical fitting, determine values of the parameters a and b. Calculate the value of R,' by Eq. 13b.
Step 2-By graphical techniques, fit the empirical equation of growth (Eq. 11) to the experimental data for &[), R,' being constrained to the value calculated in step 1. Determine the value of (a&d& by a linear fit of the points at low irradiance. Then find values of h and n, considering the other points.
Step 3-By an analytical method, determine statistical "best fits" of each of the six light curves of photosynthesis to the equation
Verify that m is essentially independent of SL, and obtain a single average value.
Recalculate best fits for this value of m. Values of vm and tp are obtained for each curve. Calculate the quantum yield +m (= vm/I2tp) for each curve. Verify that a single average value adequately describes all curves.
Step 4-Using experimental values of 8 and the values of &, calculated in step 3, calculate K = &,/0 for each value of t-~,. Verify that K is independent of ps and adopt an average value. For use in step 5, determine the limit value 0, obtained when ps is very small.
Because the light curves of growth and photosynthesis are individually fitted, the values of the parameters may not result in the empirical and derived equations of growth (Eq. 11 and 12) being exactly equivalent functions of 4. Such an equivalence is essential on theoretical grounds, as discussed earlier, and it is necessary for mathematical reasons if Eq. 11-14 are to generate continuous functions of e(pJ and &(&, Parameter values must therefore be adjusted so that equivalency is achieved, while at the same time adequate fits of the experimental functions are maintained. Equivalency is achieved if two conditions are met. First, at 6 = 0, Eq. 11 and 12 must have the same intercept. This condition has been met already by requiring that the value of R,' calculated in step 1 be the intercept of Eq. 11 as fitted in step 2. Secondly, for any value oft, the slopes of Eq. 11 and I.2 must bc identical. In the low light region where both functions are linear, equality of slopes requires that the parameters +m, (a~~/&, and b satisfy a constraint relation. When 5 G &, and 5 Q &,, Eq. 11 and 12 have simpler forms. By eliminating t from the simplified equations and after substituting Eq. 13a and 13b for R, and R,', we obtain Wrn4%(~~J~5h1 1 i";-'b fb>h + fb') (16) e, is the limit value determined in step 4. The equivalency condition (Eq. 16) is applied as follows.
Step 5-Adjust the values assigned to $rn, b-da&, and b so that Eq. 16 is satisfied. Verify that the adjusted values continue to satisfactorily describe other experimental functions. Completion of the preceding steps results in a set of parameter values which assure that Eq. 11-14 satisfactorily describe the experimental functions Rp(&, r-~.p(t), and v(t), The equations will be consistent with the experimental value of &, and Eq. 11, 12 will be coincident functions in the low light region. Also, the equations recognize, by constancy of K, that &h-d and &d are functions with the same relative shape, Simultaneous solution of the four equations will now generate specific functions &&) and 0(& which cause Eq. 11 and 12 to be coincident functions also in the region of high irradiance.
The shapes of the functions Gd and &(PJ are determined primarily by the parameters h, m, and n. The final step is therefore:
Step 6-Adjust values of h, m, and n to obtain a match of predicted and experimental functions 8 (& and &&) . Verify that satisfactory fits of ~~(0 and v(t) are maintained.
The above fitting procedure is evi- dently one of successive approximations and does not yield an overall "best fit" of all experimental functions. The procedure could fail to produce a satisfactory fit if the general equations were incorrect or if experimental data contain unrecognized inconsistencies.
As will be seen, the overall fit of the data for C. pyrenoidosa is remarkably good, and this fact suggests that the theory is essentially correct and that the experimental data are self-consistent.
Analysis of the Chlorella data
The analysis is complicated by the fact that irradiance was expressed as incident energy irradiance E and rates of photosynthesis and respiration were expressed as oxygen evolved or consumed per unit of dry weight or total chlorophyll. The experimental functions were respiration r;; ;~P&Q h aving units of ~1 02*mg-l .
; the light curve of growth pS(E); light curves of photosynthesis v' (E) where v' had units of mol 02* mol-' total Chl. h-'; the weight ratio F(P~) of total chlorophyll to dry weight; and the weight ratio j(pJ of Chl a to total chlorophyll. Analysis of these functions required estimation of values of k, and conversion of energy to quantum irradiance. Moreover, in order to convert rates of oxygen exchanged per unit of dry weight to rates of carbon exchanged per unit of carbon or Chl a, it was necessary to estimate the C:dry wt ratio G (g C '8-l dry wt) and the stoichiometric exchange ratios fR and fp (mol C.mol-l 0,) for respiration and gross photosynthesis.
In the analysis, values of k, were estimated first, after which the steps of the general fitting procedure were followed. Some parameters (a, b, +m, K) could not be evaluated until after adoption of values ofjR,fP, and G in step 5 below.
Estimates of k,-Needed are values for the broadband white light used by Phillips and Myers for growth and for the monochromatic (620 nm) light used by Myers and Graham in measuring photosynthesis light curves. Absorption spectra of C. pyrenoidosa were measured by Latimer and Rabinowitch (1959) and Myers and Graham (1963) ; however, since they did not determine chlorophyll concentration, k,(h) cannot be calculated. I therefore performed an experiment.
A log-phase culture (medium of Lorenzen 1964: 20°C 2,000 ft-c, aeration) was concentrated by centrifugation.
An aliquot of the suspension was extracted with 10% aqueous pyridine and the absorbance at 670 nm measured. Assuming 90% of the absorbance to be due to Chl a (the residue being due to Chl b) and knowing the molar decadic extinction coefficient of Chl a in 10% aqueous pyridine to be 8.0 x lo4 liters. mol-l* cm-l (Bannister unpublished) , I found the suspension to contain 48.7 mg Chl a l liter-'.
The absorption spectrum of the suspension was measured using opal glass cuvettes (which largely eliminate scattering artifacts: Shibata 1958; Latimer and HolmesEubanks 1962) and a Cary 14 spectrophotometer equipped with "scattered transmission accessory." True absorbance was estimated as the recorded absorbance less "baseline absorbance" less the apparent absorbance (= 0.050) at 750 nm due to residual light scattering. From the true absorbance and the chlorophyll concentration, the spectral extinction coefficient k,(h) (b ase e) was calculated at 5-nm intervals. Half the values are listed in Table 2 .
The value of k,(A) at 620 nm is 0.00660 m2*mgm1 Chl a. The value at 675 nm is 0.0205, in close agreement with an ear-her estimate (Bannister 1974b) . The ratio of these two values agrees well with the spectra reported by Myers and Graham (1963) . For the broadband irradiance from their tungsten lamps, Phillips and Myers (1954a,b) reported the relative spectral energy irradiance e,(A). For the corresponding spectral quantum irradiance, the mean extinction coefficient was calculated as 700 700
. (17) 360 360
The value obtained was 0.01054 m2.mg-l Chl a.
Step 1: Rp&), Q( p&Myers and Graham (1971) measured dark respiratory rate Q immediately after transferring algae from the turbidostat to an oxygen electrode chamber. Figure 2 shows that Q(pJ is the linear function:
where a' = 2.8 and b' = 4.55. The first-order rate constant R, (d-l) of respiration is related to Q by R, = Q x (IO-"/22.4)(mol 0,*~1-~)
Values of fR and G are adopted in step 5 below and are presumed to be independent of growth rate. In this case, since Q(~-L,) is linear, R&J will also be linear: The value of fR can be expected to lie between 0.5 and 1.0 and that of G between 0.4 and 0.5. Then the ratio fn/G must lie between 1.0 and 2.5. It follows from Eq. 13b, 18, and 20 that the value of R,' must lie between 0.034 and 0.079.
Step 2 tained 2.2 mM PO4 and 3.0 mM N03. Since packed cell density never exceeded 1.4 ~1 *ml-l, steady state concentration in the culture must have exceeded 2.0 mM PO4 and 1.5 mM NOa; growth was therefore nutrient saturated. According to Phillips and Myers (1954a) , the transmission of the vessel and cell suspension (as measured by a selenium cell) was maintained at about 0.8 for all growth rates. However, the spectral sensitivity of selenium must have caused overestimation of the true transmission.
Also, Phillips (1953) reported that for the different growth rates, packed cell density varied from 0.44 to 1.38 ~1. ml-*, and the reported absorbances of methanol extracts indicate that chlorophyll concentrations ranged from 2.3-5.7 mg Chl a *liter-'. It appears, therefore, that the cultures were neither optically thin nor equal in transmission.
Growth rates were reported as functions of visible energy irradiance E (lo3 ergs * cm-2 * s-l) incident on the vessel. E was determined as the difference between the tungsten irradiance used for growth and of the same irradiance after passage through an RG8 infrared transmitting filter. Both irradiances were measured with a calibrated thermopile.
Relative energy spectra of the unfiltered irradiance e,(A) and of the filtered irradiance e,'(A) were presented. Reported values of E are related to these spectral irradiances by
. (21) 3.6x10-5
The factor 0.95 corrects for a 5% reflection loss from the window of the thermopile, which had been calibrated without the window. The factor A (lo3 ergs * crne2 * s-l) is the ratio of absolute and relative energies. Since the relative spectral n-radiances were known, the integral could be evaluated numerically.
The total visible quantum irradiance I, (einst*m-2.d-L) on the vessel was 
The average irradiance within a culture was <I, as a result of reflection at the front walls of the vessel and absorption by the suspension which was not optically thin. Phillips (19.53) reported data from which the transmission of the front walls can be calculated, but his equation (24) Calculations of I, and 4 (= kJ,) corresponding to Phillips and Myers values of E are detailed in Table 3 .
Values of EA, and 5 are graphed in Fig.  3 . Evidently, k = 2.1. d-1. The initial slope b-d%L was estimated from a linear fit of the first four points, plotted on a graph with an expanded 8 scale. R,' was taken to be 0.06. d-l (see preceding section). The small uncertainty (kO.03) in the value of R,' did not affect the linear fit. The value of (dpJ&$ lies in the range 50-60 mg Chl a meinst-' absorbed. The value of the shape parameter n, giving a good fit of the other points, depends on the value of (dpJa& adopted. For (apsl a&, ranging from 50 to 60, good fits required values of n in the range 2.5 to 1.9. As will be seen, the equivalency condition and satisfactory fitting of 6&J constrain the values of (apJa& and n to about 55 and 1.8. For these values of (aps/ a&, and n, and for b = 2.12 and R,' = 0.0644, the curve drawn in Fig. 3 was calculated. It seems a reasonable fit of the experimental points.
Step 3: Analysis of light curves of photosynthesisMyers and Graham (1971) presented light curves for six different growth rates. Each curve consisted of eight or nine points evenly divided among the low, transition, and high light regions. For each point, a fresh sample was withdrawn from the turbidostat, diluted with an equal volume of medium equilibrated with 4% CO, in air, and placed in a thermostated oxygen electrode chamber.
Sequential measurements of dark respiration, net photosynthesis at one irradiance, and again dark respiration were completed within about 15 min. Total chlorophyll concentration in the l-cm-path electrode vessel was determined. From the difference between the rates of net photosynthesis and of res- piration in the second dark period, gross photosynthesis rates u' were calculated and plotted as a function of the energy irradiance E (mW * cmV2) of the monochromatic (620 nm) light incident on the vessel. Except for one case (EA, = 2.3) in which the rates at high irradiance show considerable scatter, the precision of the data is greater than that with which values can be read from the published graph. The following analysis is based on the original numerical data, supplied by J. Myers. Experimental data were fitted to the equation y' = v,'EI(E," + Em)llm (25) with a computer program MLAB (DEC System 10: Digital Equipment Corp.). For fixed values of m, ranging from 2.0 to 5.0, the program calculated values of vmt and E, resulting in a minimum sum 2 of the squares of the deviations. An overall best fit results with the value of m for which I: is minimum. Some results are listed in Table 4 . If we consider overall best fits, the value of m decreases as r-~, increases; the single exception (pa = 2.3) probably reflects the larger than usual errors in the rates at high E. However, for all cases very nearly as good fits are obtained for m = 3, and constancy of m is a reasonable approximation. Subsequent analysis was based on values of vm' and E, obtained for m = 3. This equation was used to calculate conversion factors I,lE and t/E for the six light curves (Table 5) .
With conversion factors known, values of E, (Table 4 , for m = 3) were converted to the values of & listed in Table 6 and plotted in Fig. 4B . Next, values of the quantum yield &Oz (mol O2 seinst-' abs) of gross photosynthetic oxygen evolution in weak light were calculated by
Values are listed in Table 6 . Evidently, +moz does not vary appreciably with ps, and the average value is 0.0643 mol OZ. einst-l absorbed. Evaluation of the quantum yield & (mol C. einst-l abs) of carbon incorporation, related to &Oz by Myers and Graham reported total chlorophyll content F (g total Chl-g-l dry wt) and the fraction j (g Chl aa g-l total Chl). The C:Chl a ratio 8 (g C * mg-' Chl a) is given by
h?l = .f*hno2, (29) awaits evaluation of fP in step 5.
Step 4: e(p.,)-F or each growth rate, where G is the C:dry wt ratio in the alga. G is evaluated in step 5. Experimental values of F and j and calculated values of (F')-l are listed in Table 7 , and the dependence of (Fj)-l on growth rate is plotted in Fig. 5 . This graph shows that, as growth rate approaches zero, the function approaches a limit of about 25 g dry wt* g-l Chl a. The limit of 6 is therefore Table 7 ). 4l = 25 x 10-3G.
(31)
Step 5: Satisfaction of the equivalency condition-Substitution of expressions for R,, (bm, and 8, (Eq. 20, 29, 31) (33) Many sets of values of fp, fR, and G satisfy Eq. 33. The question arises whether values of these quantities have been determined independently in other studies and whether the values will satisfy Eq. 33.
Experimental information about fp, fR, and G is limited. The value of fR is generally supposed to be near unity. Spoehr and Milner (1949) and Ketchum and Redfield (1949) measured the contents of carbon (G), hydrogen (H), oxygen (0), and nitrogen (N) in C. pyrenoidosa grown on nitrate in batch cultures under nutrient saturation, Expressed in terms of total rather than ash-free dry weight, values of G were 0.45 to 0.50 g C*g-l dry wt. Substantially lower values of G have been reported by Parsons et al. (1961) for some other species. None of these data are known to refer to steady state growth (i.e. to log phase of batch culture), and growth rates are also unknown. The ratio fN (mol C. mol-l Table  7 , and graphed in Fig. 4A . Finally, values of &,l@ were calculated, listed in Table 7 , and graphed in Fig. 6 . This figure indicates that &Jo is approximately constant for p, d 1.8. For ps larger, &,/0 apparently declines, but the data are too few to delineate the function. As a first approximation, I assumed that &,/0 has a constant value (K = 5.7) for all ps.
Step 6: Adjustment of values of p,,,, m, and n-Having assigned values of (apJ a&, &, K, a, and b, my final step was to determine if the values of h, m, and n, previously deduced from analysis of the light curves of growth and photosynthesis, would cause Eq. 11-14 to generate the shape of the functions e(pJ and &,( &.
A difficulty was an inconsistancy regarding or,. On the one hand, the data of Phillips and Myers indicate b = 2.1-d-l. On the other hand, Myers and Graham maintained a growth rate of 2.4 * d-l, and h must have been at least as large. In both studies, the same algal strain and essentially identical media and illumiand (F')-l(pJ and also the deduced funcnation for culture were used. Possibly, tion &(&, Only three qualifications must the discrepancy was due to a slightly be noted. First, the theory predicts a higher temperature in Myers and Gra-m higher maximum growth rate h than was ham's culture. Obviously, to predict 6(pJ for growth rates up to 2.4. d-l, h must be assigned a value a2.4. The discrepancy in h generates the question: can the value of (d~~/a& calculated from the data of Phillips and Myers be applied to the conditions of Myers and Graham's culture? In analogy with gross photosynthesis, I speculated that the slope (dpJd& at low irradiance is little affected by factors such as temperature, which primarily influence the growth rate at light saturation. Then the same value of (a&d&, should apply despite the difference in ,x,,~. [This consideration underlay the choice of (ar,cs/ a& as a parameter in the empirical equation of growth in preference to &,'g; the latter would increase in proportion to h.] Fork = 2.48, m = 3, and n = 1.8, Eq. 11-14 generate the curve 0(pJ drawn in Fig. 4A , a good fit of "experimental 8 values" (i.e. the 8 values calculated from the experimental values of F and j and the assumed value of G). The good fit depends sensitively on h and n: h must be close to 2.48 and, as illustrated in Fig.  4A , a noticeably poorer fit occurs for n = 1.5 and 2.1. The fit is relatively insensitive to m; fits approximately as good are obtained for 3 < m < 4. The same values of m, n, and A, which give a fit of 8(pJ also yield a good fit of &(,x~) (Fig. 4B) , except for the two highest growth rates (for which &JO = 5.7 is a poor approximation). In conclusion, it is evident that values of m and n can be chosen so that satisfactory fits are achieved both for the light curves of growth and photosynthesis and for the functions &L~) and c&L~).
Discussion found by Phillips
and Myers (the discrepancy originates in inconsistency of the experimental data). Second, in order to match the shapes of (F')-l(~~) and &(&, the value of the shape parameter n must be slightly lower than that giving a best fit of the light curve of growth. Finally, the approximation that K = 5.7 at all growth rates results in discrepancies between experimental and predicted values of &, (see Fig. 4B ) and also between experimental and predicted values of v,' (which is directly proportional to &). These discrepancies, which originate at least in part from experimental errors, seem minor in comparison with the overall success in describing all the major features of the experimental functions. This success suggests that the theory is essentially correct, that 8, Rp, and & alone are adaptive, and that adaptation of these parameters underlies the differences between the light curves of growth and photosynthesis.
Since a quite accurate description is provided for all functions, the theory constitutes a much better model of nutrient-saturated growth than has been available previously.
Test results-By the criterion that all experimental functions must be accurately described, the test of theory is highly successful. The four equations and the eight parameter values of Table 1, plus the estimated values of k,, G, fR, and fp generate with considerable accuracy the experimental functions Q(k), h(E), v'(E), By the criterion that carbon-base functions [0(~~), v(&J, Rp(p8)] should also be reliably described, the test of theory is less satisfactory. The reason is that the values assigned to the parameters a, b, 4 and K depended, in turn, on the valu:i of fR, fp, and G. Values of the latter were arbitrarily adopted to satisfy the equivalency condition and may not accurately describe the C:dry wt ratio or the C:08 exchange ratios for respiration and photosynthesis.
As noted above, the value assigned to G (0.45) agrees reasonably with available data. However, the value assigned to fR (0.90) may err by about lo%, and the value (also 0.90) assigned to fp might err as much as 20%
when /L,~ is high. As a result, the carbon functions v(t) and R&J predicted by the theory may contain systematic errors of up to 20%. Higher reliability cannot be achieved until the carbon functions are directly measured or until fR, fP, and G are carefully characterized, Remarks on parameter values-To the extent that comparison is possible, the values of parameters describing growth of C. pyrenoidosa agree reasonably well with other estimates. As already noted, most published photosynthesis light curves appear to require values of m closer to 3 than to 2. The value ascribed to &,, is close to my earlier estimate (Bannister 1974) and is also in the range of values (0.05-0.07) recently determined in situ (Dubinsky and Berman 1976) or with natural algal populations (Platt and Jassby 1976). Both the linear dependence of R, on growth rate and the approximate range of values of R, have been confirmed in nitrogen-limited growth (Pickett 1975; Laws and Caperon 1976) . Values of k, (620 nm) and k, (tungsten) seem reasonable:
they are lower than 0.016 m2amg-' Chl a as expected for a green alga with a small complement of accessory pigments (Bannister 1974b ), but they are higher, also as expected, than the values which Kirk (1975) calculated for a hypothetical, nonscattering green alga located under a 5-m column containing algae and gelbstoff (and thus illuminated by weakly absorbed yellow and green light). The value assigned to n is also reasonable, judging from the shapes of -published pS(E) curves (Beardall and Morris 1976; Thomas 1966; Paasche 1967 Paasche , 1968 . Values assigned to the remaining parameters cannot be similarly justified since h is species-specific and (a~~/a& and K have not been previously estimated.
Effects of temperature and photoperiod-The model refers specifically to growth of C. pyrenoidosa at 26°C under continuous illumination.
To what extent will parameter values require modification in order to describe growth of this species at other temperatures and photoperiods?
Temperature clearly affects b (Eppley 1972; Goldman and Carpenter 1974) , but probably has little effect on m and n. Probably the temperature of growth will not affect &; certainly, & is not altered by short term temperature changes (Bannister 1974.u) . The effect of the temperature of growth on the respiratory parameters a and b is unknown; the well known increase in respiration with short term temperature increase does not necessarily indicate the effect on steady state growth. There is at present no information about how &,/e might be affected. The effect on (a~~/@), is also uncertain. Light curves of growth for Detonula confervacea at 2" and 7°C (Smayda 1969) and for blue-green species at 10 and 20°C (Foy et al. 1976 ) are not precise enough to answer the question. Since, at low irradiance, light absorption rather than temperature-dependent dark reactions limit growth, (a~~/@), might be expected to exhibit little change with temperature.
Under light-dark cycles, steady state growth may by synchronous, and some parameters, among which are &, & 8, and R,, may be periodic functions of time during the cycle (Wang 1968; Govindjee et al. 1968; Senger and Bishop 1967; Myers and Graham 1975) . For cycles consisting of constant irradiance for a fraction (I) of a 24-h cycle and darkness for the remainder of the cycle, the time-average growth rate &s over the entire cycle is the integral of the instantaneous growth rate pa, the latter being related to the instantaneous rates of photosynthesis and respiration by Eq. 7; thus = s r(vle) ats 'R, at.
(36) 0 0
The integral Ji RP 6t is the time-average respiratory rate R, over 24 h. During the light phase, the amplitude changes in 8 and & (and therefore in v) are generally less than twofold (Wang 1968; Myers and Graham 1975) ; therefore c (v/e) 6t will be approximated by I'fi/ti, where V and 8 are time-average values during the light phase. It follows that /1,=rv/8-K,.
It appears that the theory (Table l) , although derived for growth under continuous illumination, may provide an approximately correct description of the time-average functions a(~~), &&), and R&).
This possibility is suggested by two experimental results. First, the data of Paasche (1967) for Coccolithus huxleyi show that cell volume per unit of chlorophyll a (proportional to 0) is the same function of PH, independent of the value of I?. This result suggests that adaptive properties are fixed functions of growth rate /Zn and that any combination of irradiance 5 and photoperiod lY producing the same value of r-~, will also yield the same value of each adaptive parameter. If this is the case, the theory should correctly describe a&), &&), and R&J for growth under shortened photoperiods. Second, studies of light curves of growth pS(E,lY) show that, for progressively lower values of IY, the maximum growth rate attained in high irradiance and the slope (ii&laE) in low irradiance both decline (Paasche 1967 (Paasche , 1968 Foy et al. 1976; Eppley and Coatsworth 1966; Tamiya et al. 1955) . Both these effects are predicted by the theory together with Eq. 37. Application of the model to other species-Since the shapes of experimental light curves of photosynthesis and growth are generally similar, the empirical and derived equations of growth (Eq. 11 and 12) should be generally applicable. Where photoinhibition of photosynthesis or a decline of growth rate at very high irradiance occurs, the equations will require modification.
Almost certainly, a linear increase in respiratory rate with growth rate is a general phenomenon; it has been reported in algae (Myers and Graham 1971; Pickett 1975; Laws and Caperon 1976) , in the yeast Torula utilis (Herbert 1959) , and in the bacterium Klebsiella nerogenes (Neijssel and Tempest 1976) . Equation 13 is therefore generally applicable.
Thus the first three equations of the model should be widely applicable.
Among the parameters of these equations, &, m, and n probably will not prove to be strongly species-depcndent. In contrast, b and k, will vary with species. Probably (&/a&, a, and b also vary, but similar values may be characteristic of many common phytoplankton.
It appears that functions e(cL,) and ,&(P~), like those for C. pyrenoidosa, will apply to some but not all species; therefore constancy of &Je (Eq. 14) is probably not always applicable. Fig. 7 . For ps approaching pmax, t/&, and F( 5) approach limit values of 0.85 and 0.72. This means that instantaneous photosynthesis is not light saturated when growth is light saturated. The model shows that growth rate saturation is a result primarily of the adaptive increase in &. For a cell already growing at maximum rate b, further increase in 6 is accompanied by a proportional increase in &,, and the value of F(t) remains 0.72. The factor 12 &,,,&le in the derived growth equation (Eq. 12) has a value of about 3.9 * d-l, much larger than the value of pmax + R, (2.8 * d-l) (for ,x, = Plnax).
As mentioned earlier, the data of Myers and Graham (1971) light, the size of a unit s (mol total Chl * mole1 PSU), and the light-saturated rate p (mol 02*mol-l PSU*s-'). The value of p is presumably determined by the enzymatic activity associated with a unit, for a limiting dark reaction. Photosynthesis of an algal cell is determined, therefore, by &')2, s, and p, and in addition by the number of units per cell y (mol PSU per 1Ol2 cells). For each of the growth rates in the turbidostat, Myers and Graham (1971) measured oxygen production per saturating light flash; they reported values of unit size s and light-saturated rate p, and they provided data from which the number of units per cell y and also the carbon content per cell w (g C per 1O1" cells) can be calculated.
The adaptive parameters 8 and &, can be related to y, p, and s. For &@ = 0.064 (Table 6 ) and a molecular weight of chlorophyll of 893, it can be shown that &, = (pljs) x 8.64 x 104 (s. d-l) x (l/8.93 x 105)(mol Chl-mg-l Chl) = 1,5118p@.
(38) Values of j were listed in Table 7 . The meaning of Eq. 38 should bc evident. The larger the enzymatic activity of the limiting dark reaction, the larger must be the irradiance to reach light saturation. The smaller the quantity sj of Chl a per unit, the larger must be the absorbed irradiance per unit chlorophyll to achieve light saturation. It can be shown also that 0 = (wlysj) x (l/893 x lo") (mol Chlsing-l Chl) = 1.1198 x lo+ wlysj.
From Eq. 38 and 39, it follows that &Je = 1.350 x 1O"pylw. 39, the increase in 8 might result from an increase in w (g C per 1012 cells) or a decrease in the product ysj (mg Chl a per 1Ol2 cells). Constancy of t-,/e requires constancy of py/w (Eq. 40). The underlying basis of adaptation is, therefore, to be sought in the growth rate depcndences of p, s, y, w, and j. Since j changes little (Table 7) , only the first four parameters will be examined. In Fig. 8 , the data of Myers and Graham are used to show the dependence of p, s, y, and w. For the range 0 s C-L, < 2.0, the four functions are simple monotonic ones; for IA, > 2, y&) and perhaps also w(& have more complicated nature. Over the lower range, carbon content per cell w increases 3.0-fold, the light-saturated rate p increases 1.9-fold (apparently the enzyme complement per unit increases), the number of units per cell y increases 1.6-fold, and unit size s declines by a factor of 0.8. t&/e remains constant because the product py increases by 1.6 x 1.9 = 3.0-fold, exactly matching the X0-fold increase in carbon content w. It is interesting that in carbon-limited growth of bacteria in chemostats, carbon per cell also increases greatly as growth rate increases (Herbert 1959 (Herbert , 1961 . Cellular adaptation is obviously complex. Qualitatively, the most important factors are the large increase in carbon content per cell and in light-saturated rate per unit. Much less important is change in number of chlorophyll molecules per unit. Why adaptation occurs in this manner is not clear. Hypothetically, the same functions e(r-L,) and &&.J, and the constancy of &lo, could arise solely by a reduction in unit size s, while p, y, and w remain constant. In contrast, in real adaptation, the pattern is just opposite: p, y, w change substantially while s changes very little.
Comparison with other models-Most previous models of growth have incorporated an empirical equation of growth similar to Eq. 11, the light saturation parameter being taken correctly as constant for a given species, temperature, and photoperiod.
Most treatments have ignored adaptation (DiToro et al. 1971; Larsen et al. 1974; Lassiter and Kearns 1974) ; the consequence is neglect of the large increase in carbon per cell and serious underestimation of photosynthesis per cell at high growth rates. Lehman et al. (1975) likewise based their description on the light curve of growth. Although adaptation of Ip, respiration, and chlorophyll content were not considered, an adaptive increase in carbon per cell with increase in pS was recognized.
(In C. pyrenoidosa, as we have seen, carbon per cell increases by as much as four-fold.) This step toward a realistic description was cancelled, however, by an entirely unrealistic assumption that the rate of photosynthetic carbon incorporation per cell declines to zero when carbon per cell reaches a maximum. According to this assumption, we find maximum carbon content would only occur when photosynthesis and, therefore, the growth rate are zero. With C. pyrenoidosa just the opposite is true: maximum cell size and carbon content occur when photosynthesis and growth rates are maximum.
My earlier description of algal growth (Bannister 1974) included the derived equation for the light curve of growth together with empirical functions describing the growth rate dependences of 8, I,, and R,. There were two major shortcomings. On the one hand, inattention to the values assigned the shape parameter m and to (bm and neglect of the wavelength dependences of k, and I, caused the model to be inconsistent with the experimental light curve of growth. On the other hand, and perhaps more serious, was the implicit assumption that the specific parameter functions would also apply to C. pyrenoidosa under other conditions as well as to other species. The new model overcomes these deficiencies and provides an internally self-consistent description that is solidly based on demonstrated physiological effects. Final remarks-The new model has been verified only for C. pyrenoidosa at 26°C under continuous illumination. Data are not available to confirm the model for this species under other conditions or to verify the model for other species. Very thorough investigation of a few well chosen species, including diatoms and blue-greens, is needed. Phillips and Myers and Graham have shown how the requisite photosynthesis and respiration measurements can be carried out, and they have set standards of accuracy and precision to be emulated. The need for careful measurements of spectral irradiance and spectral absorption coefficient must be emphasized. Accompanying analyses of the effects of temperature and photoperiod, and to evaluate G, fR, and fp, of elemental composition (C, H, N, 0, and P) are also badly wanted.
